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Let q be a power of a prime and let s be zero or a prime not dividing q. Then 
the number of points in a combinatorial geometry (or simple matroid) of rank n 
which is representable over GF(q) and a field of characteristic s is at most 
(q’-q’-‘)(“:I) -n, where v = zqml - 1. 0 1990 Academic Press, Inc. 
1. QUADRATIC BOUNDS 
The motivation behind this paper is an “old” result of Heller [S] about 
totally unimodular matrices. Using results of Brylawski [ 1 ] or Tutte [lo], 
Heller’s theorem can be stated in the following way: A combinatorial 
geometry (i.e., a matroid without loops or parallel elements) of rank n 
which is representable over the finite field GF(2) and a field of charac- 
teristic not equal to 2 contains at most (“:I) points. In a more recent 
paper [7], we showed that a geometry of rank 12 which is representable 
over GF(3) and a field of characteristic not equal to 3 contains at most n* 
points. In this paper, we shall prove the following general theorem. 
(1.1) THEOREM. Let q be greater than 2 and a power of a prime. Let s 
be zero or a prime not dividing q. Let G be a geometry of rank n which is 
representable over the finite field GF(q) and a field of characteristic s. Then 
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Unlike the earlier bounds which motivated it, the constant (q” - q”- ‘) in 
the bound in (1.1) is not sharp. However, the degree of the bound, as a 
polynomial in n, is sharp. 
(1.2) PROPOSITION. Let q be a power of a prime and let s be zero or a 
prime not dividing q. The maximum number of points in a geometry of rank 
n representable over GF(q) and a field of characteristic s is at least 
h(q,s) “2 +n, 0 
where ifs # 0, h(q, s) equals the maximum of the greatest common divisors 
of q - 1 and sa - 1 when c1 ranges over all positive integers, and, if s = 0, 
h(q, s) equals q - 1. 
ProoJ We prove (1.2) by exhibiting an example. Let F” be the multi- 
plicative group of the field F. If A is a subgroup of F”, the Dowling 
geometry Q,(A) is the geometry of rank n representable over F consisting 
of n basis vectors e,, e2, . . . . e, in n-dimensional F-space and the IAl (1) 
vectors ej + cej, where i < j and c is a scalar in A. The Dowling geometry 
Q,(A) is determined as a geometry by A as an abstract group. Dowling 
geometries are generalizations of cycle geometries of complete graphs. For 
a detailed description, see [2]. 
Recall that GF(r) x is isomorphic to the cyclic group of order r - 1. Let 
H be the cyclic subgroup of order h(q, s) contained in GF(q)“. By 
construction, the Dowling geometry Q,(H) is representable over GF(q) and 
contains h(q, s)(z) + n points. Since H is a subgroup of GF(s”) x for a 
suitable a or the nonzero complex numbers @ x, Q,(H) is also represent- 
able over GF(s”) or @. i 
The number h(q, s) can be computed more explicitly when s#O. Let 
q - 1 = sYt, where s does not divide t. By Fermat’s little theorem, So = 1 
(mod t), where q5 is the Euler totient function. Hence, t divides s)(‘) - 1. On 
the other hand, s does not divide scL - 1 for any tl. From these two facts, 
we conclude that h(s, q) = t. In particular, if s is greater than q, 
h(s, q) = q - 1. 
Rather rashly, we conjecture that for sufficiently large n, the maximum 
number of points in a rank-n geometry representable over GF(q) and a 
field of characteristic s is exactly h(q, s)(‘;) + n. Because of the possible 
existence of “sporadic” small-rank geometries, the conjecture is probably 
not true for all n when q is large. 
We prove (1.1) in Section 3. The proof consists of constructing certain 
rank-3 geometries which are described in Section 2. In Section 4, we discuss 
several variations on (1.1). Our notation and terminology follow those in 
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[ll, 121. In addition, we need the following notions. The size /G( of a 
geometry G is the number of points (or rank-l flats) in G. A line (or rank-2 
flat) P in G is said to be long if / contains at least three points. We use rx] 
to denote the smallest integer greater than or equal to the real number X. 
Let G be a geometry. The long-line graph ,4(G) of G is the (undirected 
labelled) graph defined as follows. The vertex set of /1(G) is the set of 
points of G. Two vertices a and b are adjacent in n(G) if the line e = a v b 
is long. 
(1.3) THE DEGREE LEMMA. Let G be a geometry not containing the 
(q + 2)-point line as a subgeometry and let a be a point in G such that 
IGI - IG/al3 m. 
Then the degree of a as a vertex in the long-line graph A(G) is at least 
m+r(m- iy(q- I)]- I. 
Proof: See the latter part of the proof of Lemma 2.3 in 181. 1 
2. REID GEOMETRIES 
To prove (l.l), we need a family of rank-3 geometries derived from 
geometries constructed by Reid. (Reid’s work is unpublished; [4] contains 
an account.) 
(2.1) DEFINITION. A Reid geometry is a finite geometry of rank 3 
consisting of three long lines e,, e,, and e3 such that (i) the intersection 
e, n e2 n c!, is a point CO, and (ii) the line e3 is a 3-point line. 
Let R be a Reid geometry and let CO, a, and B be the three points on 8,. 
The incidence graph Z(R) is the bipartite graph defined as follows. The 
vertex set is the union of the point sets /,\{ CO} and c!‘,\{ w}. A vertex u in 
/,\{ CO} is connected to a vertex v in ~,\(co} by an edge if U, v, and a, or, 
U, v, and B are collinear. If U, V, and a are collinear, we say that (u, v} is 
an a-edge; a /l-edge is defined analogously. Since the intersection of two 
lines is empty or a point, a vertex in Z(R) is incident on at most one a-edge 
and at most one P-edge. We conclude that a vertex in Z(R) has degree at 
most two. Further, since Z(R) is bipartite, all its cycles have even length. 
Hence, Z(R) is a disjoint union of paths and cycles of even length. The 
paths in Z(R) that form connected components are called maximal paths. 
A path w,,, wr, . . . . w, in Z(R) is said to be an odd path if its length 1 is odd 
and ( wO, w,} is not an edge in Z(R). Note that an odd path may be a 
subpath of a longer path or cycle. 
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(2.2) PROPOSITION. Suppose that the Reid geometry R is representable 
over a field F. 
(i) If the incidence graph I(R) contains a cycle of length 2k, then 
k = 0 in F. 
(ii) If the incidence graph I(R) contains an odd path of length 2k - 1, 
then k # 0 in F. 
Proof: To prove (i), suppose that there exists a cycle of length 2k in the 
incidence graph I(R). Let ui , u, , u2, v?, . . . . uk, vk be the vertices in a cycle 
of length 2k, where ui is in e,\(w}, vi is in a,\(m), {ui, vi> is an a-edge, 
and (vi, ui+ i } is a P-edge. The subscripts are regarded as integers modulo 
k. We may choose a representation of R over the field F such that 
o=(l,O,O), cr=(O, 1, l), B=(x, 1, l), and, for l<i<k, ui=(ci, l,O), 
vi= (di, 0, l), where x, c2, cj, . . . . ck, d,, d,, . . . . dk are nonzero scalars and 
cl = d, = 0. 
Since ui, CI, and vi are collinear, the determinant of the vectors repre- 
senting them is zero. Hence, ci + di = 0. Similarly, because vi, fi, and u, + 1 
are collinear, - di + x - ci + 1 = 0. Combining the two equations, we obtain 
ci+1 = x + ci. Thus, 
o=c,=ck+1= x+ck=2x+ck~i= ... =kx+c,=kx. 
Since x is nonzero, we conclude that k equals 0. The proof of (ii) is 
similar. [ 
We remark that the idea in the proof of (2.2) is implicit in Whitney’s proof 
that the Fano plane is representable only over fields of characteristic 2 [ 13, 
p. 529). 
Let Rcycle[k] be the Reid geometry whose incidence graph consists of a 
cycle of length 2k and let R path[k] be the Reid geometry whose incidence 
graph consists of a path of length 2k - 1. 
(2.3) COROLLARY. (i) The Reid geometry Rcycle[k] is representable 
over a field F if and only if k is prime and F has characteristic k. 
(ii) The Reid geometry Rpath[k] IS re p resentable over a field F if and 
only iffor t = 1, 2, . . . . k, t # 0 in F. 
Proof By (2.2), if Rcycle[k] is representable over F, then k = 0 in F. If 
k is composite, then one of its prime factors, p say, is zero. Hence, 
ck--p+l = -px = 0 and the distinct points uk -p + I and u1 are represented 
by the same vector, a contradiction. We conclude that k is prime and F has 
characteristic k. On the other hand, if k is prime, then we can set x = 1 in 
the representation given in the proof of (2.2) to obtain a representation of 
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Rcycle[k] over the prime field GF((k). This proves (i). The proof of (ii) is 
similar. 1 
(2.4) THE CONTRACTION LEMMA. Let R be a Reid geometry whose 
incidence graph contains at least m maximal paths. Then one of the contrac- 
tions RJa or RIB is a line containing at least r(le,j + JCzl +m)/21 points. 
Proof The number of points in R/a equals the number of lines 
containing a in R. The lines containing a in R are of three types: a v /I, 
3-point lines not containing p, and 2-point lines. The 3-point lines not 
containing /3 are in one-to-one correspondence with the set of a-edges in 
the incidence graph Z(R). The 2-point lines are in one-to-one corre- 
spondence with vertices in I(R) not incident on an a-edge. A similar 
statement holds for the lines incident on 8. Since the number of edges in 
I(R) is (I&,( - l)+(le,( -1)-m and the number of vertices of degree one 
or zero in I(R) is 2m, we obtain 
IR/al +/R/PI = lk’,l + le,l -m++m= IC,I + It,/ +m. 
Hence, one of [R/al or IR//?I is at least r(lt,l + It21 +m)Pl. I 
(2.5) COROLLARY. Let R be a Reid geometry which is representable over 
two fields of different characteristics. Then one of the contractions R/a or 
R/B is a line containing at least min{ //,I, l/,1} + 1 points. 
ProoJ By (2.3), R contains no cycles, and hence, contains at least one 
path. 1 
We end this section with a result of Gordon [3] which we use in 
Section 4. 
(2.6) LEMMA (Gordon). The Reid geometry RcycJp] is algebraic over a 
field F if and only if F has characteristic p. 
Note that the analogue of (2.6) for Rpath[p] is false. For example, Rpath[2] 
is algebraic over some field of characteristic p for all p. 
3. CONES 
We prove (1.1) in this section. We begin with several definitions. 
A geometry G is said to be a cone if there exists a point w  in G such that 
every other point in G is on a long line incident on o. The vertex o is 
called an apex of G. 
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(3.1) DEFINITION. Let r be a graph with no loops or parallel edges. 
A geometry B is said to have pattern r if: 
Pl. The vertex set of r is an independent subset of the point set of B. 
P2. If {u, v} is an edge in r, then the line u v u is a long line in B. 
P3. B is the union of the point sets of the long lines u v v, where 
{u, v} ranges over all edges in r. 
Now let T be a geometry and o be a point in T. The geometry T is said 
to be a cone with the apex o and pattern I- if the contraction T/o has 
pattern r. 
The next lemma follows easily from the definitions. 
(3.2) LEMMA. (i) Let / be a long line in a geometry T and let a be a 
point not in e. Then the line tf v a is a long line in the contraction T/a. 
(ii) Zf T is a cone with apex o and a is a point in G not equal to o. 
Then the contraction T/a is a cone with apex w v a. 
(iii) Let T be a cone with apex w and pattern Z. Let {u, v} be an edge 
in Z and let a be a point in the plane w v u v v but not in the lines o v u 
or co v v. Then the contraction T/a is a cone with apex o v a and pattern the 
graph obtained by contracting the edge (u, v> and replacing any parallel 
edges by a single edge. 
The proof of (1.1) is based on 
(3.3) PROPOSITION. Let q > 2 and q =pe, where p is a prime, Let M be 
a GF(q)-representable geometry containing a point o such that 
1MI - /M/o1 > gyp’(q - 1) rank(M), 
where v = 24-l - 1. Then M contains the Reid geometry Rcyclc[p] as a 
minor. 
Proof We begin by describing a tree which is the pattern for a cone. 
An array !Pk of order k is the rooted tree with 2k vertices obtained by the 
following recursion: ‘YO consists of a single vertex, which is alSO its root; yk 
is constructed by taking two copies of Y,- ,, joining their roots by an 
edge, and choosing one of the old roots as the new root (see Fig. 1). 
. - P 
FIG. 1. Arrays of order zero to three. 
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Our first step is to construct a cone having an array as pattern. 
(3.4) LEMMA. Let r be a tree with v + 1 vertices. Suppose that the 
geometry N contains no (q + 2)-point line as a minor and there exists a point 
o in N such that 
INI - IN/w1 >,q”-‘(q- 1) rank(N). 
Then N contains as a minor a cone K whose pattern is IY 
ProoJ: We begin with three lemmas. 
(3.4.1) LEMMA. The union G of all the long lines incident on o in N is a 
cone with apex o such that 
IGI 3 q” rank(G). 
Proof We first observe that 
IGI - IG/ol = INI - IN/o1 Zq”-‘(q- 1) rank(G) 
and 
IGI = 1 +I (14 - 11, 
where the sum is over all long lines incident on o. Since all the points 
on a long-line 8 incident on o are identified as one point 8 when o is 
contracted, 
From this inequality, q > 2, and the assumption that there are at most 
q + 1 points on a line, we conclude that the number L of long lines in G 
incident on w  is at least 
r[qyP1(q- l)rank(G)- l]/(q- l)l=qy-l rank(G). 
Thus, 
3 [q”-‘(q - 1) + q”-‘1 rank(G) = qy rank(G). l 
(3.4.2) LEMMA. The geometry N contains as a minor a cone H with apex 
CO such that every vertex in H\w in the long-line graph A(H) has degree at 
least q’+q”-‘+ ... +q*+q+2. 
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Proof: Let H be a minor of N with minimum rank such that H is a 
cone with apex w  and IHI 2 q” rank(H). By (3.2), the contraction H/a is 
also a cone for any point a in H\w. Because H is chosen to have minimum 
rank, for any point a in H\w, 
IH/al <q”rank(H/a)=q”rank(H)-q”; 
hence, 
IHI - lH/al >q’+ 1. 
Hence, by the degree lemma (1.3), every vertex a not equal to o in the 
long-line graph A(H) has degree at least 
We can now complete the proof of the lemma by observing that when 
4>2, 
rq/(q-l)l=p+ . . . +$+q+2. i 
The neighbourhood of a vertex a in a graph A is the vertex subset 
{u : {a, O} is an edge in A}. 
(3.4.3) LEMMA. Let a be a vertex in A(H) not equal to CO. Then the 
neighbourhood of a, as a subset of points in H, has rank at least v + 2. 
ProoJ: By [6, Lemma 2.11, a geometry of rank less than v + 2 not 
containing a (q + 2)-point line as a minor can have at most 
qy+qy--l + ... +q2+q+ 1 
points. Hence, by (3.4.2) the neighbourhood of a has rank at least 
v+2. 1 
We are now ready to prove (3.4). List the vertices ur, u2, . . . . U, + r of r so 
that the induced subgraph ri consisting of the vertices ur, u2, . . . . ui and all 
the edges in I’ with both endpoints in ur, u2, . . . . ui is a tree for every i. Since 
Ti+l is a tree, ui+r is joined by an edge to exactly one vertex in Ti. 
To construct the cone, choose uI to be any vertex not equal to o in 
A(H). Now suppose we have already chosen the vertices ur, u2, . . . . ui so 
that 
0, UI, u2, ..*, ui is an independent set and {u,, u,} is an edge 
in ,4(H) whenever { uk, uI) is an edge in F’, (?I 
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Let U, be the unique vertex in r, joined to u~+~ by an edge. Since the 
neighbourhood of u, has rank at least v + 2, there exists a vertex u in the 
neighbourhood of U, such that w, u1, u2, . . . . uir v is an independent set in H. 
Set ui+ I = u. 
To finish, observe that by (t) and the definition of the long-line graph, 
uk v U, is a long line in H whenever { uk, u,} is an edge in K Deleting unne- 
cessary points from H, we obtain a cone K with pattern r and apex CO. 
Note that Pl holds in K/o because {CO, u,, u2, . . . . u,+ ,} is independent 
inK. u 
Since the array Yy,_, contains 2Y- ’ vertices, A4 contains as a minor a 
cone whose pattern is Yq- 1. The proof of (3.3) is completed using the next 
lemma. 
(3.5) LEMMA. Let K be a cone with apex o whose pattern is the array 
Zf K is representable over GF(q), where q =p’, then K contains the 
%dlgeometry Rcycle [ p] as a minor. 
Proof We begin with two easy lemmas. The first follows from (2.2). 
(3.5.1) LEMMA. Let R be a Reid geometry which is representable over the 
field GF(p’). Then the incidence graph Z(R) of R does not contain cycles of 
length less than 2p or odd paths of length greater than or equal to 2p - 1. 
The second can be proved using the recursive definition of arrays. 
(3.5.2) LEMMA. The subtree obtained by removing all the leaves (that is, 
vertices of degree 1) from the array ‘Pv, is isomorphic to Yy, _ 1. Moreover, 
every vertex in the subtree is adjacent to a leaf of !PVk. 
Suppose that K does not contain the Reid geometry Rcycle[p] as a 
minor. We obtain a contradiction by progressively projecting points onto 
lines by contracting the array Yy,- 1 inwards. Specifically, we construct 
cones Kj satisfying the following property (Pi): 
Kj is a contraction of K and is a cone with pattern an array !Pq _ 1 _ j of order 
q - I- j such that all the lines o v v, where v is a vertex in !P4- 1 _ j, contain 
at least j + 3 points. 
Let K, be the cone K. Suppose that at Step j, we have constructed a cone 
Kj satisfying (I’,). Let v be a leaf in the array Yq _ 1 _ j and let {v, U} be the 
unique edge containing v in YqpI _ j. Let ~1 be a third point on the long line 
u v U. Since K, is a cone with apex o, o v c( is a long line. Let /3 be a third 
point on o v CC. The lines o v v, w  v u, and (0, LX, /?} form a Reid 
geometry R. Since K, does not contain Rcycle[p] as a minor, the incidence 
graph Z(R) contains no cycles by (3.5.1). By (Pi), the lines w  v v and w  v u 
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contain at least j+ 3 points. Hence, by (2.4) one of the contractions R/a 
or R/b, say R/u, is a line with at least j + 4 points. Contract the cone Ki 
by a. By (3.2), Kj/a is a cone with pattern the tree obtained from Yy,-, _ j 
by contracting the edge {u, v}, or, equivalently, removing the leaf v. Repeat 
this operation for every leaf in !Pq ~ 1 -,. By (3.5.2), the end result is a cone 
Kj + , satisfying ( Pj + 1 ). 
To complete the proof, observe that K,- I is a line with at least q + 2 
points, contrary to the assumption that K is representable over GF(q). 
This completes the proof of (3.5) and (3.3). 1 
We can now use (3.3) to prove (1.1) by induction on the rank n of the 
geometry G, using the inequality 
IGI - IG/al d(q”-q”-‘)n- 1 
for any point a in G. 
The constant (q” - q”- ‘) in the upper bound can certainly be improved. 
A possibility is to replace the lower bound q” + . . . + q + 2 in (3.4.2) by 
F(v + 1; q, s) + 1, where F(v + 1; q, s) is the maximum number of points in 
a geometry of rank v + 1 which is representable over GF(q) and a field of 
characteristic s. Doing this, we obtain the constant 
(q - l/q)* [F(v + 1; q, s) + 11 - 1. 
However, no good estimate is known for F(v + 1; q, s) when v 2 2 and 
424. 
4. TECHNICAL IMPROVEMENTS 
Several improvements can be made to (1.1). One such improvement 
stems from the observation that in the proof of (l.l), we did not use 
the full strength of the hypothesis that G is representable over GF(q). 
Extracting the exact hypotheses needed, we obtain 
(4.1) THEOREM. Let q be a positive integer greater than 2 and G a 
geometry of rank n which does not contain as minors: 
(i) the (q+2)-point line; or 
(ii) the Reid geometries Rcycle[s], where s = 2, 3, .., q. 
Then the number of points in G is at most 




(4.2) COROLLARY. Let q be a positive integer greater than 2 and s be 
zero or a prime strict1.v greater than q. Let G be a geometry of rank n not 
containing a (q+ 2)-point line as a minor. If G is representable or algebraic 
over a field of characteristic s, then the number of points in G is at most 
(q~,-q~--l) y1 -12, 
( > 
where ~=2~~l- 1. 
Proof: Use (2.2) and (2.6). 1 
An important special case of (4.2) concerns totally T-adic matrices. Let T 
be a set of integers. A totally T-adic matrix is a matrix with integer entries 
in which every subdeterminant is an integer in T. The idea of a totally 
T-adic matrix is due to Bland and Lee [9]; we have modified their defini- 
tions slightly to obtain the definition given here. The column matroid of a 
matrix M is the matroid given by linear dependence of the column vectors 
of M. 
(4.3) COROLLARY. Let p be an odd prime and let T be a set of integers 
not containing any multiples of p. Then the number of points in the column 
matroid of a totally T-adic matrix A4 of rank n is at most 
(p’-p-‘) n;l -n, 
( > 
where v=2+‘-‘-1. 
Proof: Because T does not contain any multiples of p, the column 
matroid of M is represented over GF(p) by the matrix obtained from M by 
regarding the entries as integers modulo p. Hence, the column matroid is 
representable over GE’(p) and the rationals. 1 
Another refinement is 
(4.4) THEOREM. Let p and q be positive integers such that q> 2 ant 
q bp. Let G be a geometry of rank n which does not contain as minors 
(i) the (q + 2)-point line; or 
(ii) the Reid geometries Rcycle[s], where s = 2, 3, . . . . p; or 
(iii) the Reid geometry Rpath[p]. 
Let Ai be the sequence defined recursive1.v by: 
A,=3 and 3,,+ , = li + rni/(2p - 1 )1 
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and let r be the minimum index for which A, > q+ 2. Then the number of 
points in G is at most 
where v = 2’ - 1. 
Proof: The proof relies on 
(4.4.1) LEMMA. Let R be a Reid geometry whose incidence graph Z(R) 
does not contain any cycles or odd paths of length greater than or equal to 
2p - 1. Suppose that e, and 4, both contain at least k points. Then at least 
one of the contractions R/a or R/b is a line containing at least 
k + rk/(2p - l)] points. 
Proof The incidence graph contains at least 2k vertices and no cycles. 
Since every maximal path contains at most 2p - 1 vertices, there are at 
least [2k/(2p - 1)1 maximal paths. The lemma now follows from (2.4). 1 
To prove (4.4), we use the argument given in Section 3 to show that a 
geometry A4 containing a point o such that 
[MI - IM/wl> gyp ‘(q - 1) rank(M) 
contains the Reid geometry Rcycle[p] as a minor. Once this is done, (4.4) 
can be proved by induction on ~1. 
The only change needed is in (3.5). We start with a cone with pattern the 
array Yr. Using (4.4.1), we have at Step j a cone K, with pattern ul, _ j such 
that all the lines w  v u, where II is a vertex, contain at least Lj points. 
Hence, the cone K, is a line with at least q + 2 points. 1 
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